Spin and polarization effects and correlations between them in the processes of pair production by a photon and synchrotron radiation in a magnetic field are considered. Expressions for the probabilities of the processes with arbitrary polarizations of the particles are obtained. These expressions are analyzed in detail in both the Lowest Landau Levels and ultrarelativistic approximations.
I. INTRODUCTION
The study of the quantum-electrodynamic processes involving photons and electrons in strong external electromagnetic fields is still topical from both an experimental and theoretical point of view, despite an extensive literature on this subject. The first relativistic theory of the processes of synchrotron radiation and pair production in a magnetic field was investigated in the works [1] - [7] in the approximation of ultrarelativistic motion of particles. The results of these works are included in the monographs of Sokolov and Ternov [8] , [9] . The operator method for solving this problem was applied by Baier and Katkov in the quasiclassic ultrarelativistic case [10, 11] . Recently, there has appeared the work of these authors [12] , where the operator method was used to study the process of electron-positron pair production by a photon, when the particles are located at low-energy Landau levels. In the Ref. [13] , synchrotron radiation of electron-positron plasmas has been studied and Landau level splitting due to interaction with photon field is taken into account. In the Ref. [14] , the influence of electron spins on radiation probability for the first 500 levels has been considered. Reference [15] is devoted to the studying of radiative width of cyclotron line and level splitting due to interaction with QED-vacuum. We also mention Refs. [16] - [20] , where the processes of photon radiation and pair production was considered for the case of polarized particles. It should be noted that correlations between spin and polarization effects in these processes have not been studied in detail yet.
The purpose of this paper is theoretical research of spin and polarization effects and their correlation in the processes of synchrotron radiation and pair production by a photon in a strong magnetic field. We use general expressions for probability of the processes when spin projections of the particles and photon polarization are arbitrary. In this paper the Stokes parameters are used * Electronic address: novak-o-p@ukr.net † Electronic address: kholodov@yahoo.com to define photon polarization. Expressions for the probabilities are analyzed in the ultraquantum (Lowest Landau Levels) and the ultrarelativistic approximations that are most important for experimental applications. In these approximations, simple analytical expressions depending on both particles' spins and photon polarization were obtained. Thus, it turned out to be possible to carry out analysis of spin and polarization effects and correlations between them.
Carrying out of corresponding experiments implies usage of magnetic fields that are comparable with the critical Schwinger one B c = m 2 c 3 /e ≈ 4.41 · 10 13 G and are not feasible in terrestrial laboratories. The greatest constant field obtained is about 100 T [21] and the greatest pulse field is ∼ 10 6 G [22] . Nevertheless, we should point out the possibility to obtain a strong magnetic field on QED length of about 10 −11 cm [23] . In heavy ion collisions [24] (Darmstadt, GSI) Coulomb fields compensate and the magnetic field can reach a strength of 10 12 G in the region between ions if the impact parameter is about 10 −11 cm. In principle, QED processes can be observed in this region.
The investigation of the QED processes keeps actuality and great importance in view of existence of strong magnetic fields around neutron stars [25] . Particularly, cyclotron lines have been found in the radiation of X-ray pulsars. These lines correspond to the cyclotron radiation (absorption) of electrons that occupy the lowest Landau levels. A lot of works are devoted to the investigation of these lines [26] - [32] . References [33] - [38] considering the pair production process and its applications to the pulsars are worth mentioning too.
It should be noted that the astrophysical modeling of pulsars implies that radiation is emitted by unpolarized particles. However, electron-positron plasma in the magnetosphere of a pulsar is mostly created by the pair production process. Consequently, electron spins in Landau levels are not equally populated. In Section IV we compare transition rates for the cases of polarized and unpolarized particles.
II. SPIN-POLARIZATION EFFECTS IN THE PROCESS OF SYNCHROTRON RADIATION
In a uniform, homogenous magnetic field B ′ = B/B c energy levels of electrons are
where l is the principal quantum number (l = 0, 1, 2...), and p z is the momentum component parallel to the field (we will use natural units, where = c = 1 throughout). In each Landau state, the electron may have spinup (s = +1) or spin-down (s = −1) along the field direction, except in the ground state, where only the spindown state is allowed. The procedure of obtaining the probabilities of firstorder processes is well known and we omit the corresponding calculations. The resulting expressions for probabilities of the processes of synchrotron radiation and pair production that depend on particles' spins as well as on photon polarization are given in the appendixes. Now let us proceed directly to the analysis of the probabilities.
A. Ultraquantum approximation
In the Lowest Landau Levels (LLL) approximation, intensity distribution of synchrotron radiation is presented by the expressions (A1)-(A4).
The "no spin-flip" processes have the greatest probability because they have the lowest power of the small parameter B ′ ≪ 1. Moreover, due to the condition l > l ′ the radiation probability is maximal for the process with particle spins directed against the field. The energetically unfavorable process with particles polarizations s = 1, s ′ = −1 has the smallest probability. Process probability decreases as (B ′ )
l−l ′ if the difference l − l ′ increases therefore the transition l → l − 1 is the most probable.
The "no spin-flip" processes have identical dependence of probability on the Stokes parameters. Probability of the energetically favorable spin-flip process (A3) differs in the sign of the Stokes parameter Q, therefore radiation has opposite linear polarization for spin-up -spin-down transitions.
Let us consider two opposite cases of linear photon polarization. If the polarization vector is perpendicular to the vector of a magnetic field B then the Stokes parameter Q equals −1, Q = −1. Hereafter we will call it perpendicular photon polarization. If the polarization vector belongs to the same plane as the wave vector k and the vector B then equation Q = 1 is true and such polarization is called parallel polarization.
In the case of parallel polarization (Q = 1) the probability of radiation equals zero in the direction perpendicular to the field (θ = π/2) for the processes without flip of spin. Probability of the spin-down-spin-up transition (A4) is minimal in this direction. Probability of the other spin-flip process is a slowly varying function of the polar angle. In the case of perpendicular polarization (Q = −1) radiation is absent in the direction θ = π/2 for the spin-flip processes, but probabilities of the transitions without flip of spin depend on the polar angle weakly.
Radiation has circular polarization in the direction along the magnetic field, since the probability does not depend on the parameter of linear polarization Q if the condition cos θ = ±1 is fulfilled. If the photon has right circular polarization (Q = 1), radiation probability is maximal in the direction along the magnetic field (θ = 0) and equals zero in the direction against the field. In the case of left polarization (Q = −1), the situation is reversed.
One can see that the polarization of radiation is the same as in the case of classical motion of an electron. As follows from the above, substantial spin-polarization correlation takes place. The shape of the angular distribution of radiation probability and its representative values are determined by the values of photon polarization and spin projections of the particles.
The angular distributions of intensity in relative units for linear polarization of the radiated photon (the transition from the level l = 2 to l ′ = 1 is chosen as an example) are shown in Fig. 1 and can be expressed as:
2 /4 and equals to ∼ 10 9 erg/s for the field B ′ = 0.1 (α is the fine structure constant). Let us estimate radiation intensity by the order of magnitude in two cases. Some of the neutron stars have a surface magnetic field around B ∼ 10 12 G (B ′ = 0.1). In such field radiation intensity has the order of magnitude of ∼ 10 9 erg/s in the no spin-flip processes. In the case of energetically favorable spin-flip process (s = 1, s ′ = −1) intensity is lower by a factor of 10. In the other spin-flip process (s = −1, s ′ = 1) intensity is lower by a factor of 1000. The ratio between intensities for the spin-flip and no spin-flip processes is about 5 %. This result is well known from the number of works (see, for example [39] , [40] ). Intensity decreases exponentially if the field becomes lower. For example, in the case of white dwarfs (field strength is B ∼ 10 8 G and B ′ ∼ 10 −5 ) intensity is about ∼ 10 −3 erg/s and the above ratio is ∼10 −3 %.
B. Ultrarelativistic approximation
In the ultrarelativistic case radiation intensity defined by Eq. (A5)
where z = 3hE/m, E is the initial electron energy, Angular distribution of radiation intensity is symmetrical with respect to the orbit plane if photon polarization is linear. Indeed, when V = 0, Q = −1 (perpendicular polarization) Eqs. (A6) -(A9) take on the following form:
Symmetry about the plane ψ = 0 takes place since the above expressions depend only on the square of the angle ψ 2 . One can see that inequality D −− > D ++ is always true. Thus, radiation intensity is greater if particles are in a spin-down state. It is clear because this state is energetically favorable. Intensities of the spin-flip processes are equal and radiation is absent in the perpendicular to the field direction (ψ = 0). Radiation intensity considerably decreases if electron spin flips.
In the case of parallel polarization, the expressions (A6) -(A9) have the form
As follows from Eq. (6), intensities of no spin-flip processes coincide. They vanish in the perpendicular to magnetic field direction (ψ = 0). Intensity of the energetically unfavorable spin-flip process is minimal in this direction. Symmetry about the plane ψ = 0 takes place too.
As follows from Eqs. (3) - (8), in general, intensity of the spin-flip process (8) is comparable with intensity of the most probable one (4). Indeed, the ratio between the differential intensities is equal to the value D +− /D −− . In the case of large photon frequency (ω → E), the con-
On the other hand, in the case of low photon frequency (ω ≪ E) a/b ≫ 1 and we obtain the well-known result
. This effect is significant when z 1, since the maximum of radiation intensity shifts into the region of high frequency as the parameter z increases. The same result was obtained numerically in Ref. [14] .
The dependence of differential intensity on the output angle and photon frequency in the case of linear polarization of radiation is shown in Fig. 2 .
The following result should be mentioned. It is known that relativistic particles emit radiation into a narrow cone in the line of motion and intensity is maximal in the direction of velocity. However, intensity of perpendicular polarized radiation is zero in the direction ψ = 0 if flip of spin occurs. Parallel polarized radiation is absent in this direction for the no spin-flip processes. Although this effect is unexpected in the ultrarelativistic approximation, it has general origin. Indeed, in the LLL approximation, radiation in the line of motion is absent in the same cases as in the ultrarelativistic approximation.
Angular intensity distribution of circular polarized radiation is not symmetrical in respect to the plane ψ = 0. Intensity of radiation of right circular polarization is maximal in the region ψ > 0 and intensity of the left circular polarized radiation is maximal in the region ψ < 0. In general, the process of synchrotron radiation has similar features in the ultrarelativistic and the LLL approximations. In the LLL approximation intensity is maximal along the field direction (ψ = π/2) if polarization is right circular. In the ultrarelativistic approximation the maximum of right polarized radiation is shifted into the region ψ > 0. The shift of the maximum becomes greater if frequency of the radiated photon decreases. It is clear since angular distribution of radiation passes to the classical one in the limit case of small frequency. The situation is reversed if polarization of radiation is a left circular one.
Note that in the ultrarelativistic approximation intensity depends on the parameter z only. This parameter is defined by a product of the energy of the initial electron and the parameter of magnetic field B ′ : z = 3EB ′ /m. Let us estimate intensity of radiation. Let B ′ = 10 −5 and E ∼ 50 GeV. In this case z = 3 and radiation intensity per unit of frequency can be estimated at ∼ 10 −9 erg.
III. SPIN-POLARIZATION EFFECTS IN THE PAIR PRODUCTION PROCESS
Probability of the pair production process contains a denominator that goes to zero if the pair produced with zero longitudinal momenta, i.e. at the reaction threshold. It results in the occurrence of divergences and the process is a resonant one (Fig. 3) .
Enough attention has been paid to the explanation of the physical nature of these divergences, for example, in Ref.
[41], but there is not a complete clarity in understanding of this matter. In our opinion, the presence of singularities is associated with neglected emission of soft photons, which always accompanies quantum-electrodynamics processes. This phenomenon is similar to the so-called "infra-red catastrophe" of the bremsstrahlung process at the scattering by a Coulomb FIG. 3 : Dependence of total probability of the pair production process on the parameter r = ω 2 /4m 2 . Broken line depicts the result of the Ref. [12] .
FIG. 4:
Feynman diagrams of the processes: (a) bremsstrahlung at the scattering by a Coulomb center and (b) pair production with radiation of a final photon. Both probabilities contain the same divergence at ω ′ → 0 center [42] (see Fig. 4 ). It is known, that infra-red divergences arise so far as the perturbation theory becomes incorrect for soft photon emission. A cross section of the bremsstrahlung process is in inverse proportion to the frequency of the final photon: dσ ∼ 1/ω ′ . The cross section becomes unrestrictedly large if the frequency converges to zero. Probability of the pair production process has similar dependence on frequency if an additional final photon is taken into account. In this case, the divergence at the threshold (longitudinal momentum is zero) vanishes [42] .
A. LLL approximation
First of all, obtained probability of pair production (B1) -(B4) does not depend on the Stokes parameter V that defines circular polarization. This fact is a result of the choice of the reference frame where the wave vector of a photon belongs to the classical orbit plane. Moreover, probability does not depend on the parameter U too. This parameter defines polarization in the directions that make angles of ±π/4 with the vector of the magnetic field. However these directions are equivalent since there is the single preferential direction of vector B in the plane perpendicular to k.
When an electron and a positron are produced in the low spin state (s = −1, s ′ = 1) the process has the greatest probability because the corresponding expression (B3) contains the small parameter B ′ in the lowest power. In the cases s ′ = 1, s = 1 and s ′ = −1, s = −1 the expressions of probability (B1), (B2) differ from Eq. (B3) in the sign of the parameter of linear polarization Q. It should be noted that the similar effect takes place in the process of synchrotron radiation. If particles are created in the energetically high spin state (s = 1, s ′ = −1), the process has the smallest probability.
We may assign an arbitrary value for polarization of the initial photon because it is defined by the initial conditions of the problem. When Q = −1 probability of the pair production vanishes in the energetically low spin state s = −1, s ′ = 1 (B3). It is necessary to calculate the probability W −+ in the next order in small parameter B ′ before comparison of values of the probabilities. After the corresponding calculations probability W −+ takes on the following form:
where g = 1 + (p z /m) 2 . One can see that dependence of the probability on polarization remains the same as in the previous case. Thus, the greatest probabilities are W ++ and W −− in the case of perpendicular polarization (Q = −1).
As follows from above, substantial correlation between polarization of the initial photon and spin projections of produced particles takes place. Therefore produced particles are polarized. Let us find the polarization degree of electrons. By definition, it has the form
where W + = W ++ + W +− and W − = W −+ + W −− . The probability W +− is the smallest one by its order of magnitude and can be neglected:
If Q = −1, the contribution W −+ exceeds all other terms, therefore W ++ and W −− can be neglected. Consequently,
Hence, the spins of produced electrons are almost completely oriented against the field direction if the condition Q = −1 is fulfilled. In order to find the more accurate expression of the polarization degree we have to substitute Eqs. (B1), (B2) and (9) into Eq.(11) and expand P − in a power series in the first order in small parameter B ′ . After simple calculations, the polarization degree takes on the form
In the case Q → −1, the quantity W −+ in the expression (11) can be neglected and
Consequently, the polarization degree depends on the numbers of Landau levels of an electron and a positron. The degree of polarization is equal to zero when the condition l ′ = l is fulfilled. In the general case the inequality |P − | ≤ 1 is true. Consequently, produced electrons are always partially polarized if l ′ = 0. The process has the maximal probability when an electron and a positron are produced at close or the same Landau levels, therefore polarization degree converges to zero if the Landau level numbers increase.
Thus, the degree of particle polarization is determined by polarization of the initial photon. Linear polarization can be changed from a perpendicular one to a parallel one by rotation of a photon beam by the angle π/2 about the beam axis. It causes substantial changing of the number of particles in the spin-up and spin-down states. Thus, it is possible to control the spin orientation of new particles rotating the photon beam.
Note that the averaged over photon polarization and summed over particles' spins total probability is in agreement with results of previous works (Fig. 3) [12], [27] . A discrepancy between our result and the computations of Baier and Katkov is associated with violation of the conditions of LLL approximation.
B. Ultrarelativistic approximation
In the ultrarelativistic case probability of pair production is given by Eq.(B5):
where Ψ = p z /E, Ω = B ′ ω/m, ε = B ′ E/m, E is the electron energy, and D 
In the case of parallel photon polarization (Q = 1), we obtain
The expressions (16) - (21) depend on the square of the angle ψ 2 only if polarization of the photon is linear. Consequently, angular distribution of the probability is symmetrical with respect to the orbit plane ψ = 0.
As follows from Eq. (19), (20) that the probability W +− is greater than W −+ since the factor D +− is a square of a sum of nonnegative summands and the factor D −+ is a square of a difference of the same terms. Thus, production of particles in the energetically high spin state (s = 1, s ′ = −1) is more probable than production in the lower state (s = −1, s ′ = 1). Note that in the LLL approximation, the situation is reversed.
It is essential to note that in the cases mentioned above (16) and (21), the process is impossible if longitudinal momenta of particles are zero (Ψ = p z /E = 0). On the contrary, in the case of unpolarized particles, probability goes to infinity if the longitudinal momenta of particles vanish (Fig. 3) .
Dependence of the process probability on the electron energy and output angle is shown in Fig. 5 . Photon polarization is assumed linear and the value of the parameter Ω = ωB ′ /m is 1. As follows from the Eqs. (A5) -(A9), if a photon has circular polarization, then maximum of probability is shifted with respect to the plane that is perpendicular 
to the magnetic field (Ψ = 0), and cases of right and left polarizations differ by the shift direction only. Integration of the expressions (B6) -(B9) over the electron energy ε and the output angle Ψ gives the total probability of the pair production process. The dependence of the total probability of the process with polarized particles on the parameter λ = 4/3Ω = 4m/3ωB ′ is shown in Fig. 6 . Photon polarization is assumed to be linear.
One can see that probabilities coincide if particles are produced with spins of the same orientation. It is clear from the analysis of expressions (17), (18), (21) .
As opposite to the case of the LLL approximation, the process has the largest probability when a pair is produced in the high spin state (s = 1, s ′ = −1) by a photon of parallel polarization (Q = 1). In this case, electron spins are almost entirely oriented along the field and positron spins are oriented against the field.
In the case of perpendicular polarization, the probabilities also coincide if particles' spins have opposite directions. Thus, the beam of produced particles is unpolarized. As mentioned above, in the LLL approximation, the polarization degree of electron spins (14) converge to zero as the numbers of Landau levels increase. It is in agreement with the obtained result.
Finally, it can be concluded that in the ultrarelativistic approximation one can control the polarization degree by the setting of the photon polarization as well as in the LLL approximation.
IV. APPLICATION
The obtained results can be applied to astrophysical modeling of pulsars. According to current pulsar models, high energy photons produce electron-positron pairs in the pulsar magnetic field that subsequently synchrotron radiate. Particles are considered as unpolarized. However, as follows from Eqs. (12), (14) produced electrons have certain polarization that is defined by initial photon polarization. Thus, their synchrotron rates are different from the rates of unpolarized particles. Let us calculate the ratio R between transition rates of polarized and unpolarized electrons.
A. LLL approximation
Let x + be the fraction of spin-up electrons. After corresponding averaging of Eqs (A1)-(A4) the ratio R will take the form
The fraction x + can be immediately obtained from Eqs.
(B1)-(B4) with the assumption that the electron and the positron becomes created on the same energy level l:
where Q is the polarization of the initial photon in the pair production process. One can see that R = 1 when x + = 1/2. The ratio R is greater than unity if Q = −1, and probabilities differ twice for ground state transitions and parallel polarization of the initial photon. Figure 7(a) shows the dependence of the ratio R on photon polarization and magnetic field strength for transition from l = 5 to l ′ = 0. Figure 7(b) shows the dependence of the ratio R on photon polarization and the number of final level. Field strength is B ′ = 0.1.
B. Ultrarelativistic approximation
In ultrarelativistic approximation, the ratio R can be obtained by the integration of Eqs. (A5)-(A9) and (B5)-(B9). In Fig. 8(a) the dependence of the ratio R on initial photon polarization Q and parameter Ω is shown. Initial photon frequency ω = 100m is adopted and the magnetic field B ′ changes from value B ′ = 0.001 to value B ′ = 0.1. Figure 8(b) shows the dependence of the ratio R on initial photon polarization Q and final photon frequency y = ω/ω c . The magnetic field is B ′ = 0.1. One can see that R ≤ 1 in this case. It has minimum value of about 0.86 when Q = 1 and goes to unit if Q → −1.
Thus, it is substantial to take into account polarization-dependent spin bias.
V. CONCLUSIONS
In the present work spin and polarization effects in the processes of synchrotron radiation and electron-positron pair photoproduction in a strong magnetic field have been considered. Spin projections and photon polarization have arbitrary values. Obtained expressions of probability have been analyzed in the ultrarelativistic and the LLL approximations.
Substantial correlation of spin and polarization effects takes place in the process of photon radiation. The dependencies of probabilities of no-flip processes on the Stokes parameter Q are equal. Probability of spin-upspin-down transition contains Q with a reversed sign.
The processes without flip of spin are the most probable in the LLL approximation. Probability of these processes weakly depends on the polar angle θ in the case of perpendicular photon polarization. For parallel polarization, probability of radiation equals to zero in the direction θ = π/2. In the ultrarelativistic approximation, the probability of the spin-flip process s = 1, comparable with the probability of the most probable one if a high energy parallel polarized photon is radiated. Radiation is absent in the perpendicular to magnetic field direction in the ultrarelativistic approximation too. Electrons radiate in a small interval in the vicinity of the orbit plane, but radiation intensity of perpendicular polarization is equal to zero in the direction θ = π/2 when spin flips. In the case of the processes without flip of spin, radiation of parallel polarization is absent in this direction.
In the ultrarelativistic case, maximum of intensity of circular polarized radiation is shifted relative to the orbit plane. The shift of the maximum increases if the photon frequency decreases.
Probability of pair production depends on the param-eter of linear polarization Q only. Dependence on the other parameters can be eliminated by a choice of the reference frame. Similar to the process of synchrotron radiation, essential spin-polarization correlation was found. In the LLL approximation, the process has the greatest probability when the pair is produced in the low spin state (s = −1, s ′ = 1). When spins of produced particles have the same orientation, process probability contains the Stokes parameter Q with reversed sign.
In the ultrarelativistic case, probability of particle production with zero longitudinal momenta (Ψ = p z /E = 0) vanishes if particles have opposite spins and the photon has perpendicular polarization (Q = −1). If photon has parallel polarization (Q = 1) then particles with spins of the same direction cannot be produced with zero longitudinal momenta. In contrast, in the case of unpolarized particles, probability becomes infinity if longitudinal momenta go to zero (Fig. 3) .
On the contrary to the LLL approximation, pair production in the high spin state (s = 1, s ′ = −1) by the parallel polarized photon (Q = 1) has the largest probability.
Produced particles may have preferred direction of their spins due to the spin-polarization effects. The degree of particle polarization is determined by polarization of the initial photon. In both considered approximations, particles are produced almost completely polarized if photon polarization is parallel, but the degree of particle polarization converges to zero in the case of photon of perpendicular polarization (Q → −1).Thus, it is possible to control the spin orientation of new particles by rotating the plane of polarization of the photon beam.
The obtained results are applied to the modeling of pulsars. Synchrotron rates are compared in two cases: (a) electron spins are equally populated and (b) spin populations are determined by polarization of the initial photon that converts into electron-positron pairs. Radiation rates coincide for both cases when photon polarization is perpendicular. In the LLL limit case (a) exceed the other one twice if photon polarization is parallel. In the ultrarelativistic limit radiation intensity is greater in case (b) when photon polarization is parallel.
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APPENDIX A: SYNCHROTRON RADIATION
We used the same expressions for the wave functions of an electron and a positron as in Ref. [43] . The reference frame where p z = 0 is chosen.
In the LLL approximation, probability of synchrotron radiation is given by the following expressions (the superscripts denote initial and final spin projections) [44] :
Here, α is the fine structure constant, l and l ′ are the numbers of initial and final Landau levels, ω is photon frequency, V and Q are the Stokes parameters, L = (l − l ′ )/(l − l ′ + 1), u = cos θ (θ is a photon polar angle), and
where η = ω 2 sin 2 θ/2m 2 B ′ . In the ultrarelativistic approximation intensity of synchrotron radiation is given by the expression
where factors D ss ′ look like The reference frame where k⊥ B is chosen.
In the LLL approximation probability of the pair production process with arbitrary spin projections of particles has the form [45] : In the ultrarelativistic case pair production probability looks like
where
After carrying out integration over variable Ψ probability (B5) may be expressed as
(B14) Here, λ ′ = 2Ω/3ε(ω − ε).
It should be noted that total radiation intensity and probability of photoproduction agree with the results of Refs. [1] , [8] .
